Abstract
I. INTRODUCTION
Two main advantages of flexible robot arms are less weight and low energy consumption. However, the structural modelling and the control design of the flexible arms are much more complicated due to nonlinear coupling between elastic and rigid modes during the complex maneuvers especially with high angular velocities. Various methods have been proposed for control of flexible-link manipulators in the literature. Hybrid control of a single flexible-link manipulator using feedback linearization and singular perturbation approach has been used in [1] . Adaptive feedback linearization has been applied successfully for a nonlinear discrete-time model of a single-link flexible manipulator [2] . Singular perturbation theory has also been used for position and force control in [3] . Strain feedback and active vibration control [4] , [5] are other approaches different from the integrated structure-control for nonuniform flexible links in [6] . In order to improve the important features of flexible links such that low mass and moments of inertia and high natural frequencies [7] , optimal shape design can be investigated. Furthermore, a high fundamental frequency is desired since it implies a large bandwidth that will allow for fast motion without causing serious vibration problems and stable endpoint control [8] . In this research, inspired by the last three approaches in [6] , [7] , [8] , the control of a two-link flexible arm with variable cross-section by design is improved by employing the Lyapunov method. Different from the energy based multi-link flexible robot control proposed in [9, ch.2], LaSalle's invariance principle extended for infinite dimension [10] will be used in order to prove the asymptotic stability of the closed loop system without any modal truncation such that the higher order modes will not
Fig. 1. Arm configuration [4] be ignored. Referring to Figure 1 [4] .
II. ANALYTICAL MODEL
In this section, an exact model using partial differential equations with boundary conditions is derived using the Hamilton's Principle based on Zhang's work for uniform links [13] , [4] . Since the ratio between the length of the beam and its thickness is sufficiently large as proposed in [14] , [15] , links can be modelled as Euler-Bernoulli beams, which can only be deformed in the flexural direction. The links are modelled in clamped-free configuration, since natural modes of the separated clamped-free links agree very well with actual ones compared to pinned-free configuration [16] . Assuming the manipulator moves in the horizontal plane, in the absence of gravity the potential energy depends only on the flexural deflections.
In order to derive the PDE model, kinetic and potential energy expressions for the links and hubs are obtained. Then, Extended Hamilton's Principle [14] is applied such that
where δT and δV s are the variation of total kinetic and potential energy respectively, δW nc is the variation of nonconservative work. Thus, the governing equations for a two-link flexible arm with nonuniform cross-section are derived by the variational method and integration by parts and listed below with the notation given in TABLE I:
where all offset values (O hi , O ti ) can be omitted by design and it is assumed that θ 2 ≈θ 2 since the slope at the end of the first link is relatively small. The equations ( 2) and ( 3) are the main PDEs(balance of forces) and the equations ( 4) and ( 5) are ODEs (conservation of momentum) for rigid coordinates. Equations ( 6 -10) are the boundary conditions where equation ( 10) includes the four boundary conditions at the clamped end of the links [17] . We first define the following variables for i = 1, 2
where τ b1 , τ b2 represent the base strain measured torques and τ e1 , τ e2 represent the end strain measured torques for the first and second beams respectively. Boundary conditions ( 6) , ( 8) and ( 9) can be simplified further to obtain the following one
where the new set of boundary conditions will be ( 13), ( 7), ( 8) and ( 10).
III. CONTROLLER DESIGN
The total energy of the system ( 2 -10) is calculated to get the total energy rate of the system. Then with this insight, the control laws are obtained by Lyapunov approach as given below
where K 1 , K 2 , α, β are positive constants and θ 1d , θ 2d are the desired positions. Besides,ẅ i (l i , t) signals in the control laws can be obtained after filtering the output of the wireless accelerometers which are known to be vibration measurement tools. On the other hand, the control laws ( 14 -15) should be augmented with a parallel controller to ensure asymptotic stability of the closed loop system. In addition to ( 14 -15) , we also propose the following control laws
where K, γ 1 , γ 2 > 0 are proportional gains that are adjusted to make the control laws τ 11 , τ 21 dominant. This is achieved by choosing small γ 1 and γ 2 . The main controller ( 18 -19) consists of the parallel connection of two separate controllers. Since the system ( 2 -10) became decoupled and linear by the dominant part of the controller, then additivity and homogeneity properties of linear systems can be applied for the closed-loop system. Thus, the effects of the control laws τ 12 , τ 22 should be considered independently from the others. Consequently, the main theorem can be introduced as follows Theorem 3.1: The control laws ( 18 -19) achieve setpoint regulation of the rigid modes and asymptotic stability of the two-link flexible arm with variable cross-section.
Proof:
The total energy V of the system is a good candidate for Lyapunov function and can be expressed in terms of kinetic and potential energy terms with additional correction term such that
where T i s are the kinetic energy terms of beams, tips and hubs for link 1 and 2 [13] . The total strain potential energy for both links is represented as V s . After applying the control laws ( 18 -19) to the system ( 2 -10) and after some lengthy but straightforward calculations, the total energy rate of the system is obtained for M > 0 as followṡ
Note that the equation ( 21) only assures the stability of the closed loop system but does not prove the asymptotic stability. The latter can be shown by using LaSalle's invariance principle extended to infinite dimensional spaces [10] . In order to initiate this part of the proof, equations ( 2)- ( 5) should be rewritten in the new coordinates such that
The system ( 2)- ( 5) can be decomposed to linear and nonlinear parts separately, see [11] , such aṡ
where A represents the infinite dimensional linear operator and f represents the nonlinear operator. For the linear part of the system ( 2)-( 3) which is dissipative by feedback controls ( 18 -19) , will be considered in the energy Hilbert space
, in which the inner product induced norm is defined by [12] 
We also define the function spacê
Using the set of equations ( 2 -10) and integration by parts, we have the linear operator A :Ĥ →Ĥ and the nonlinear operator f :Ĥ →Ĥ are given in equation ( 22) such as:
where A 1 , A 2 are given in equation ( 23); τ ei , τ bi are defined by equations ( 11)- ( 12), and B 1 , B 2 , W 1 , W 2 , f 0 are given below
where B 1 , B 2 are finite dimensional linear bounded operators, f (0) = 0 and f (z) is differentiable. Since (λ I − A) −1 is compact for λ >α, (see e.g. [12] ), then it follows that the solutions of ( 22) locally exists in; moreover if z(0) ∈ D(A), then z(t) ∈ D(A) as well.
Since the solutions are bounded, see ( 21) , it can easily be shown that local solutions can be extended globally as well. In order to complete the proof, we should show thaṫ V = 0 implies z = 0. IfV = 0 then δ W nc = 0 since the power associated with nonconservative forces is equal to the time rate of change of the total energy [14] . For the system ( 2 -10),
where δθ 1 and δ(θ 2 − w 1x (l 1 , t)) are arbitrary nonzero variations by definition then τ 1 = 0 and τ 2 = 0. Besides, V = 0 impliesθ 1 =θ 1 = 0 directly and since τ 1 = 0 by ( 4) and ( 11) we obtain τ b1 = 0 as well. Using the boundary condition ( 8) we get W 1 = W 2 = 0 for f (z). Thus, W 1 = W 2 = 0,θ 1 = 0 and equations ( 13), ( 22) implies that τ bi = τ ei = 0. Using these results and the control laws ( 18 -19) for the boundary condition ( 6) with equation ( 13), we have τ b2 = −I h2θ2 . Equations ( 5) and ( 9) give respectively
that verifies τ e1 = τ b2 = τ e2 =θ 2 = 0. Thus, the main PDEs ( 2 -3) become homogeneous such as
where flexural deflection w i (x, t) can be expressed by separation of variables such that [18] 
where i = 1, 2 ; λ i 's are nonzero complex eigenvalues and φ i 's are eigenfunctions for equations ( 26 -27) with the above boundary conditions that are derived forV = 0. Thus, equations ( 26 -27) become variable coefficient, ordinary differential equations of order four, such as [18] 
For nonuniform i th link, φ i (x) can be defined as
where
and r i (x) is possibly nonlinear function which is the fourth order differentiable at least and satisfies the conditions such that r i (0) = 0, r i (li) = 0. Then the coefficients of the polynomial p i (x) are obtained by using the boundary conditions and the dominant control laws such as
and EI ixx (x i ) are assumed to be nonzero at x i = 0, and
On the other hand, using the dominant control laws ( 14 -15) and the above results that include (τ bi = 0, τ ei = 0), and equations ( 4), ( 5) yieldsẅ i (l i , t) = 0, we also haveθ 1 =θ 2 = 0 and θ 1 = θ 1d , θ 2 = θ 2d . Consequently,V = 0 really implies z = 0.
In the light of [10, Theorem 3.64 and 3.65], the closedloop system ( 2 -19) is asymptotically stable.
Remark 3.2:
Since we have already neglected w 1x , we have also omittedẅ 1x in the final calculations. Note that such terms are also omitted in [13] . Note that although in [13] two damping terms are introduced in the simulations, we do not use any damping term in our case. The proposed control scheme is tested with the simulation program implemented in MATLAB. The PDEs are discretized in the space domain by the finite difference method, to obtain ODEs at each of the nodes. Then, ODEs are solved numerically. Instead of dealing with complexity of the fourth order derivative approximation, the second order derivative approximation has been used with the help of auxiliary states. Those states are more meaningful in a real problem as well since they corresponds to physical variables such as deflections, velocity and bending moments [20] . However, the number of ODEs to solve and the computation time are increased in return of the robust stability of the numeric scheme. The parameters used in the model for system ( 2 -10), partially given in [13] are listed in TABLE II. Although the control setup in the previous section is given for links that can have any kind of variable cross-section; in this particular simulation, rectangular cross-sections of given uniform thickness are used. For small values of tip mass and tip inertia moment relative to the ones for beam, the optimum shape is approximately a linearly tapered beam [8] . Therefore, the height b i (x), density ρ i (x) and cross-section area moment I i (x) at any point can be calculated with the parameters given in TABLE II such as [21] with the simulation results for PDE, it is observed that the required control energy in PDE cases is much less than the one in FEM due to the exactness of PDE. Also, PDE responses are smoother than the ones in FEM approach, and have no overshoot or no chattering for all states. modes simultaneously. In the proof of the main theorem, infinite dimensionality of the problem has been retained as opposed to other energy-based approaches for multi-link robot arms in the literature. In future, compensation of variable tip mass would be an extension to the proposed controller that already manages the nonuniform flexible robot arms successfully.
IV. SIMULATION RESULTS

Parameter
θ 1d (desired) π/2 rad θ 2d (desired) -π/2 rad K 1 = .007, K 2 = 0.01 α = 600, β = 800 γ 1 = 1e − 3, γ 2 = 1e − 4 K = 9
